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Abstract 

In this paper we will implement the generalized fractional operators involving the 

Appell's F3(.) Function due to Marichev-Saego Maeda to the product of the 

generalized Gauss hypergeometric function and the K-Function and will establish the 

image formulas of the product of the generalized Gauss hypergeometric function and 

the K-function in terms of the generalized Wright hypergeometric function. Special 

cases of the results are also mentioned in the concluding section of the paper. 
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1. Introduction 

The fractional calculus is the field of applied mathematics that deals with derivatives 

and integrals of arbitrary orders. Fractional calculus came into existence almost three 

centuries ago but it was not so popular in its initial phase mainly due to lack of 

applications. Recently it has gained a lot of significance and has drawn the attention 

of large number of mathematicians in view of its tremendous applicability in various 

sub-fields of applicable mathematical analysis. The mathematicians like Agarwal ( 

[2]- [4]), Agarwal and Jain [5], Kalla and Saxena [8], Kilbas [9], Purohit and Kalla 

[15] and Saigo ( [18]- [19]),Suthar et.al ([21]-[22]), Miller et al.[10] so forth have 

studied, in depth, the properties, applications, and different extensions of various 

operators of fractional calculus. The computation of fractional derivatives and the 

fractional integrals of special functions of one and more variables is important from 

the point of view of the usefulness of these results in the evaluation of generalized 

integrals and the solution of differential and integral equations.  

Here, we aim at establishing the image formulas of the product of Generalized Gauss 

hypergeometric function and the K-function by applying the generalized fractional 

integral and the differential operators given by Marichev-Saigo Maeda.  

2. Mathematical Preliminaries 

Def 1. The generalized Beta function has been given by Özergin et al. [11] in their 

paper and has been defined as  
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Def 2. Özergin et al with the introduction of generalized Beta function also studied 

and gave the definition of the family of generalized Gauss hypergeometric function 

and confluent hypergeometric functions [12] in the following way 
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   denotes the set of non-positive integers. 

Def 3. The generalized Fox- Wright function     
 was introduced by Wright [23] and 

has been given by the series 
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 where  ( )is the Euler gamma function. 

where                                                       

This function is known as generalized Wright function for all values of    the 

conditions for its existence are as follows: 
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which has been derived by Wright E. M. [24].Several Properties of the generalized 

Wright have been studied and investigated by Kilbas et al. [1]. 

Def 4. The K-function introduced by Sharma [20] has been defined as follows: 
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Where           ( )     

 (  )   (        )      (  )  (        ) are the Pochhammer symbols. 

The series (2.8) is defined when none of the parameters (  )                 is a 

negative integer or zero. If any numerator parameter (  )   is a negative integer or 

zero, then the series terminates to a polynomial in  . From the ratio test it is evident 

that the series is convergent for all   if          .  

Let   ∑     
   ∑   

 
   , then for           , the series converges absolutely for 

       if  ( )     the series is conditionally convergent for       if   
 ( )    

and the series is divergent for        if    ( )  
The relation between the Wright generalized hypergeometric function and the K- 

function is given by [7]: 
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Def 5. Saigo and Maeda [16] introduced the following generalized fractional and 

differential operators of any complex order with Appell   ( ) function in the kernel, 

as follows: 
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Let               and     , then the generalized fractional calculus operators 

(the Marichev-Saigo-Maeda operators) involving the Appell function, or Horn’s    -

function are defined by the following equations: 
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where the function   ( )                    function which has been introduced by 

Appell and Kampe de Feriet [6]. 

Following Saigo and Maeda [17], the image formulas for a power function, under 

operators (2.10) and (2.12) are given by: 
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3. Main results 

Throughout all the theorems we will assume that      , 

                             ( )         , min( ( )  ( )   )  ( )  
 ( )       ( )   . Further we will assume that the constants satisfy the 

conditions                 (                            ), and also 

the  condition (2.7) is satisfied. 

Theorem 1.1 Let   ( )   , ( )   , then the fractional integral    
            

 of the 

product of the K-function and the generalized Gauss hypergeometric function exists 

under the conditions  ( )      ( )      (   )     *    (         
 )  (     )+ and is given by 

(   
            

      
(   )(       )    

     
(   )) ( )                    

 
           

  
  

(   )(       )∑
∏  (  )

 
   

∏  (  )
 
   

 

   

 

        
 *

(    )  
(    )  

(    ) (   ) (     ) (              ) 

(    ) (   ) (        ) (            ) 
 

       
(           ) 

(             ) 
   ]                                    (   ) 

 

Proof.  Taking the LHS of (3.1) as   and using (2.3) and (2.8) we get 
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 Applying (2.16) on (3.3), we get 
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Using (2.9) in (3.4), we get 
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Interpreting further and we arrived at the result. 

Theorem 1.2  Let   ( )   , ( )   , then the fractional integral    
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product of the K-function and the generalized Gauss hypergeometric function exists 
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Proof. Taking the LHS of (3.6) as   and using (2.3) and (2.8) we get 
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Applying  (2.17) on (3.8), we get 
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Interpreting further and we arrived at the result. 

Theorem 1.3  Let   ( )   , ( )   , then the fractional differential     
            

 of 

the product of the K-function and the generalized Gauss hypergeometric function 
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Proof. Taking the LHS of (3.11) as   and using (2.3) and (2.8) we get 
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Applying (2.16) on (3.13), we get 
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Using (2.9) in (3.14), we get 
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Interpreting further and we arrived at the result. 

Theorem 1.4  Let   ( )   , ( )     then the fractional differential    
           

 of 

the product of the K-function and the generalized Gauss hypergeometric function 
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exists under the conditions  ( )       ( )       (        )       
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Proof. Taking the LHS of (3.16) as   and using (2.3) and (2.8) we get 
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Applying  (2.17) on (3.18), we get 
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Using (2.9) in (3.19), we get 
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Interpreting further and we arrived at the result. 

Special cases 
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I. If         i.e, there is no upper and lower parameter in the K-function 

and also                  then    
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Therefore (   ) becomes 
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which are the results considered by Praveen et al. [13]  

II. If         i.e, there is no upper and lower parameter in the K-function 

and also                  then    
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Therefore (    ) becomes 
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Replacing      by     and on simplifying further, we obtain the results 

considered by Praveen et al. [13]  

III. If         i.e, there is no upper and lower parameters in the K-function 

and also                  then    
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Therefore (    ) becomes 
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On simplifying further, we obtain the results considered by Praveen et al. [14]  

IV. If         i.e, there is no upper and lower parameter in the K-function 

and also                  then    
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Therefore (    ) becomes 
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Replacing     by     and on simplifying further, we obtain the results considered 

by Praveen et al. [14]  
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4. Conclusion 

In this paper we have studied certain image formulas of the product of two functions; 

the K-function and the generalized Guass hypergeometric function involving the 

Marichev Saego-Maeda fractional operators and we have arrived at the function 

known as Fox’s Wright-Function. 

As the results obtained are quite general so we can reduce the general results 

involving Saego-Maeda operators to the corresponding special results by assigning 

the different values to different parameters involved in the general results. Thus these 

results obtained can be applied to the number of different problems involved in 

different fields of Mathematics and engineering sciences. 
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