; mn ‘"m

(ISSN : 2349-266X)

Impact Factor:4.081  yofyme-12, Issue-4, March-2019 " eseresrmact
Marichev-Saigo Maeda Fractional Calculus Operators and
the Image Formulas of the Product of Generalized Gauss

Hypergeometric Function and the K-Function
*Javid Majid, Aarif Hussain, Imtiyaz, Shakir Hussain and Renu Jain
School of Mathematics and Allied Sciences (SOMAAS) Jiwaji University, Gwalior
M.P. INDIA, *Corresponding Author:Javaidahmad75@gmail.com
Abstract
In this paper we will implement the generalized fractional operators involving the
Appell's F3(.) Function due to Marichev-Saego Maeda to the product of the
generalized Gauss hypergeometric function and the K-Function and will establish the
image formulas of the product of the generalized Gauss hypergeometric function and
the K-function in terms of the generalized Wright hypergeometric function. Special
cases of the results are also mentioned in the concluding section of the paper.
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1. Introduction
The fractional calculus is the field of applied mathematics that deals with derivatives
and integrals of arbitrary orders. Fractional calculus came into existence almost three
centuries ago but it was not so popular in its initial phase mainly due to lack of
applications. Recently it has gained a lot of significance and has drawn the attention
of large number of mathematicians in view of its tremendous applicability in various
sub-fields of applicable mathematical analysis. The mathematicians like Agarwal (
[2]- [4]), Agarwal and Jain [5], Kalla and Saxena [8], Kilbas [9], Purohit and Kalla
[15] and Saigo ( [18]- [19]),Suthar et.al ([21]-[22]), Miller et al.[10] so forth have
studied, in depth, the properties, applications, and different extensions of various
operators of fractional calculus. The computation of fractional derivatives and the
fractional integrals of special functions of one and more variables is important from
the point of view of the usefulness of these results in the evaluation of generalized
integrals and the solution of differential and integral equations.
Here, we aim at establishing the image formulas of the product of Generalized Gauss
hypergeometric function and the K-function by applying the generalized fractional
integral and the differential operators given by Marichev-Saigo Maeda.
2. Mathematical Preliminaries
Def 1. The generalized Beta function has been given by Ozergin et al. [11] in their
paper and has been defined as

S,
B9 (x,y) = J

1
_ _ Y
t* Y 1=y 1L F |6, dt 2.1
. ( ) 11( Ct t)) (2.1)

(1-
R(p) = 0; min(R(x), R(y),R(6),R()) >0 (2.2)
Def 2. Ozergin et al with the introduction of generalized Beta function also studied

and gave the definition of the family of generalized Gauss hypergeometric function
and confluent hypergeometric functions [12] in the following way

oo

6.0
B, "> (b+1r,c—b)x"
s,
Fp( Vab;c;x) = E (@)=
r=0

B(b,c —b) r!

(2.3)
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®© (6,9 _ r
P G = Y By BEZ ti;) b)’;_' 2.4)
=0 ’ '
Where |x | < 1, min(R(8), R(Q) > 0),R(c) > R(b) > 0 &R(p) = 0
1 =0
() = {oc (€ +1)( +2) ... (% +7 — 1): > 0} (2.5)

provided o # 0
_ I(x+7)

() = e (% € C\Zp)
Z, denotes the set of non-positive integers.
Def 3. The generalized Fox- Wright function 3, was introduced by Wright [23] and
has been given by the series
(ay, A7), ..(ap, Ap); } [T, I (a; + n4;) x"
Plpq pll’q {(b1:B1); (bq,Bq); L ( )

1_.T(bj +nB)) n!
where I"(x)is the Euler gamma function.
Wherex,al-,bj eEC; AiﬂBj ENR; AL' * O,BJ +0;i=1, D ] = 1,...,q
This function is known as generalized Wright function for all values of x.the
conditions for its existence are as follows:
1+(X9.,8)— (2,4 =0 (2.7)
which has been derived by Wright E. M. [24].Several Properties of the generalized
Wright have been studied and investigated by Kilbas et al. [1].
Def 4. The K-function introduced by Sharma [20] has been defined as follows:

wév u & v
K (a4 ..,a,;bq,..,b,;x) =
P q( 1 p’ Y1 a ) pKq(x)

_ (al) n (az) n e (ap) n(v)n ﬁ (2 8)
L (by) gy (b2) gy (bg) oI (un + ) 1! |

Where u,é,v € C,R(u) > 0

(@) n(=12,..p) and (b;) (G =1,2,...q)are the Pochhammer symbols.
The series (2.8) is defined when none of the parameters (b;) »,j = 1,2,...,q,is a
negative integer or zero. If any numerator parameter (a;) ,, iS a negative integer or
zero, then the series terminates to a polynomial in x. From the ratio test it is evident
that the series is convergent forall x ifp > q + 1.

Letv = 7=1 aj — ;?:1 bj, then for p = g + 1, the series converges absolutely for
|x |=1 ifR() <0, the series is conditionally convergent for x = —1 if 0 <
R <1

and the series is divergent for |x |=1if 1 < R(v).

The relation between the Wright generalized hypergeometric function and the K-
function is given by [7]:

. [1
Mjg'qu((ai)p; (bj)g) =

Ja L)) {(al, 1), .(a, 1), (v, 1);
lef(al-) p+1¥q+1

2.9
Gy 1y, Gy Y B9
Def 5. Saigo and Maeda [16] introduced the following generalized fractional and

differential operators of any complex order with Appell F;(.) function in the kernel,
as follows:
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Let a,a’,B,B',y € Cand x > 0, then the generalized fractional calculus operators
(the Marichev-Saigo-Maeda operators) involving the Appell function, or Horn’s F; -
function are defined by the foIIowing equations:

(15227 )6 = 75 )_“f (x— e
xFy (.05 71— -1 =2) fDdt, RG) > 0) (2.10)

( [BE BB Vf)(x) — (_) (I(c)x;a’,ﬁ+k,ﬂ’,y+k f)(x) (2.11)
RW) <0;k =[-RWY + 1)

(15227 1)) = 75 )f (£ - )71

X F3 (06,06,[3,,3; 142 —?,1 —;)f(t)dt, (R@y) >0 (2.12)
( % BB Vf)(x) — (_ ix) k (Ig;a',ﬁ.ﬁ’+k,y+k f) ), (2.13)
RQ@) < 0;k = [-RQYy) + 1))
and
(D527 £)e = (12 P F) (o (2.14)
= (52) (1 e ) (), ) > 05 k= [R) + 1)
(D=7 £y = (15 PP ) () (2.15)

_ (_ j_x> " (Io—_a’,—a,—ﬁ’,—ﬁ+k,—y+k f) x), (R@y) > 0); k=[RY) + 1]

where the function F;(.) denotes the Appell function which has been introduced by
Appell and Kampe de Feriet [6].

Following Saigo and Maeda [17], the image formulas for a power function, under
operators (2.10) and (2.12) are given by:

(Igfl'.ﬁ,ﬂ',]/ xp—l)(x) — xp—a—a'+y—1

l rfp+y-a—a — P+ p - a) 2.16)

Fp+pBXpp+y—a—-a)(p+y—a —p) '

where

R(p) >max {0,R(a+a’ +pB—y), R —pB)} and R(y) > 0.

(I((;:,_a’,ﬁrﬁ'ry xp—l)(x) — xPty-a—a'-1
FaA-p-Ppra-p-y+a+adrd-p+p+a-nl .
lF(l—p)F(l—p+/3’—y+a+a’)F(1—p+a—,8) (217)

where
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Rp) <1+ min {R(-B),R(a+a —y),R(a+p —y)}and R(y) > 0.

3. Main results

Throughout all the theorems we will assume thatx > 0,
a,a,B,B,v,p,u,&v,8,{,p € CR() > 0,a €C, mn(R(),R() > 0), R(c) >
R(b) > 0&R(p) = 0. Further we will assume that the constants satisfy the
conditions a;,b; € C,A;,B; € R (A;,B; #0,i=12,..,p,j = 1,2,..,q.), and also
the condition (2.7) is satisfied.

Theorem 1.1 Let R(¢) > 0,R(v) > 0, then the fractional integral 1% ##¥ of the
product of the K-function and the generalized Gauss hypergeometric function exists
under the conditions R(y) > 0,R(1) > 0,R(p+7r) > max{0,R(a+ a'+ B —
v),R(a’ — B')} and is given by

(zg‘f*ﬁ'ﬁ'* tP LB (a, by ¢ )*K,, (btﬂ)) (x)

xp—a—al+y—1

1172, T(b))
= —Fp(a‘o(a, b; c; x) 2 —]p 7
I'v n=0 i=1['(ai)

N (a,1),...(ap, 1), (v, 1_), p+r ), (p+y—a—a —p+r,1),
p+47~/}q+4 (bll 1)' "'(bq,l)i (fi M), (,0 + ﬁl + T, /1)1 (,0 + Yy —a— a’, + r, A),

(p+pB —a +r1); /1]
(o+y—8 —a +r.0 31
Proof. Taking the LHS of (3.1) as 7 and using (2.3) and (2.8) we get
® 6.9)
o B, (b+1,c—b)t"
— [ 122 B.BY p-1 p v
T <I°+ ‘ Z;(a)r B(b,c—b) 7!
- S AW (HT
. ()al)(b ()az) - ga’})( O ) ) - 32)
n=0 1) n 2) n q’n .un+€) n.
S i @ By +rc=b) 1% (@) n (@) weo (@) n@n  B"
LT Bbe—b) 1L (b)) p (b)) s (b) il (un + ) 1
x (Igf’,ﬁ,ﬁ',y(tp+r+/1n—1))(x) (3.3)

Applying (2.16) on (3.3), we get
g = yp-a—a'+y-1
% i(a) B;S&O(b +r,c— b) x_r ®© (al) - (az) ey (ap) n(v)n (bxl)n
L r B(b; C — b) r! o~ (bl) w (bZ) TRIIY (bq) n]—'(ﬂn + E) n!

l Frp+r+n) I'p+y—a—-a' —f+r+n)l'(p+p' —a' +r+1in) 3.4)

Fp+p'+r+An) I'p+y—a—a' +r+in) I'(p+y—PF —a’ +r+ An)
Using (2.9) in (3.4), we get
, _xprea i B (b +71,¢ - b) x" <o [192, (b))
= — a —_— —_——
v " B(byc—b) 1! 4~ P T(a)

r=0
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(ar,1),..(ap, 1), (v, 1);
X p+1¢q+1 {(bp 1, .. (bq,l), (& ); bxl}
rp+r+mm) rp+y—a—-a —+r+n)'(p+p' —a' +r+1in)

I'p+p' +r+n) I'(p+y—a—-a' +r+in) I'(p+y—PF—a’ +r+in)
Interpreting further and we arrived at the result.
Theorem 1.2 Let R(€) > 0,R(v) > 0, then the fractional integral I&%##" of the
product of the K-function and the generalized Gauss hypergeometric function exists
under the
conditions R(y) > 0,R(1) > O,R(1-y- p—7) <1+ min{R(-B),R(ax +
a' —vy),R(a+ B — y)}andisgiven by

o 1
(13,06 B.B rYt—y—pr(‘S'O (a, b; c; ?) . “'E'ZKq (bt_l)> (x)

l (3.5)

_ x—p—a—a (60 (a b o 1) H?=1 r'(bj)
I'v p X - ?zll"(ai)
(a;,1),..(ap, D), , D), (p+a+p +7r,1),(p+a+a +1,1),
X pra¥qra (b1, 1), . (b 1), &, ), (p+a+a' + B +1,0),(p+y+1,2),
(p_ﬁ +Y+T’,/1); —A]
(p+a—p +y+r, % (3.6)
Proof. Taking the LHS of (3.6) as 7 and using (2.3) and (2.8) we get

© 6.0
s o B b+r,c—b) 1
7=<’S‘;""ﬁ"”t-y-p > (@, ( )

B(b,c —b) trr!

r=0

(@) n (@) nye-r (@) @)y (BEHT
n=0 (bl) n (bZ) n e (bq) nF(,LlTl + f) n!

) x)  B7

; =§:(a)r8155,{)(b+r,c—b)l O (@) w (@) e (@) i@ BT
r=0 B(b,c - b) r! n=0 (b1) ns (b2) 1y oo (bq) 2l (un + &) n!

x (15288 (v-por ) ) () (3.8)
Applying (2.17) on (3.8), we get
] = x—pa-a
« Z(a)r BP9 +r,c—b) 1 (@) n (@2) poeer (@) sy (bx~H)™
B(b,c=b)  xr1Lt (b) m (B) py s (b)) nT (un +§) !

r=0

rp+a+a" +r+in) F'p+a+B +r+n)F(p—L+y+r+in)
I'p+ra+a +p' ' +r+n) I'p+y+r+in) I'(p+a—F+y+71r+1n)
Using (2.9) in (3.9), we get
; x‘p‘“‘“’i()B;S’Z)(b+r,c—b) 1 <19, I (b))
R — a),
v 4 B(b,c—b)  x'rlLy P T(a)

l (3.9)

(a, 1),..(ap, 1), (v, 1);  _
X p+1lpq+1 {(bll 1)' (bq,l)' (E' ,Ll), bx /1}
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Fp+a+a+r+mlp+a+p +r+An)l'(p—B+y+r+2An) ] (3.10)
Fp+a+d +f +r+An) I'(p+y+r+An)l(p+a—B+y+r+2An) '

Interpreting further and we arrived at the result.

Theorem 1.3 Let R(¢) > 0,R(v) > 0, then the fractional differential D&*#FY of

the product of the K-function and the generalized Gauss hypergeometrlc function

exists under the conditions R(y) > 0,R(1) > 0,R(p+71r) > max {0, R(y —a —

a' —B"),R(B — a)}and is given by

(Dg‘f"’* # "ytp‘le(‘S’O(a, b;c; t). "'f’;Kq (btl)) (x)

xp+a+al—y 1

LT

7 (1Y) cJy=1 Ml

= I E,"(a, b; c; x)z " T@)
y @1, @y D, 0D, + 10, (o~ 7+t + 47,2,
prlass | (b,,1), .. (b 1), (6,10, (0~ B 47, (p =y + @+ +7,2),

(p—B +a+rA);
(p—yv+B +a+r);
Proof. Taking the LHS of (3.11) as 7 and using (2.3) and (2.8) we get

(54’)
o o b+r,c—b)t"
j — <Dg_;_a,ﬁ,ﬂ’ytp_1 (a)r B(b b ) '
ZO (b,c —b) r!

bx*| (3.11)

(al) n, (aZ) 2 (ap) n(v)n (btl) " (X) (312)
. (b1) n, (b2) ny ooes (bg) nI'(Un +¢)  n!

X

Using (2.14) we get
; =i (a)rB;S‘S'f)(bw,c—b) 10 (@) n (@) nes (@) n(@)n D"
B(b,c=b) 1Ly (b)) n (B) o, (bg) uT (un+ ) !

% (Io—f’,—a,—a',—ﬁ,—]/(tp+r+/1n—1)) (x) (3.13)
Applying (2.16) on (3.13), we get
7 = xp+0(+a'—y—1
Z @ B +rc—h) a0 (@) w0 (@) oo (@) n@n (XD
" B(bc—b) 1! 1 (b1) ny (D2) ny wves (Bg) nI' (U + ) nl
[ I“(p+r+ln) I'(p — y+a+a +pB ' +r+An)l(p—B+a +r+ An) ] (3.14)
Frp—B+r+)p—y+a+a +r+n)F(p—y+p +a+r+1in) '
Using (2.9) in (3. 14) we get
xpratar—y— 1Z B(&O(b +7,c— b) x" had H?=1F(bj)
@ BGc—b) 7 LT, T(a)

J =

(ay, 1), ..(ap, 1, (v, 1);
< oo {1y o), (60s7 )
Frp+r+Aam)frlp—y+a+a +p' +r+n)f(p—B+a+r+1in) 315
ll"(p—ﬁ+r+)tn)F(p—y+a+a’+r+ln)F(p—y+,8’+a+r+/1n) (3.15)
Interpreting further and we arrived at the result.
Theorem 1.4 Let R(§) > 0,R(v) > 0, then the fractional differential DZ*"#*"" of
the product of the K-function and the generalized Gauss hypergeometric function
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exists under the conditionsR(y) > 0,R(1) > 0,R(1l-y—r—p) <1 +
min {R(=B),R(a+ a' —y), R(a+ L' —y)} andis given by

<Dg;“"ﬁ'ﬁ"yt”_pr(5’O (a, b c: %) _ ”’f’;Kq (bt‘l)> )

x—Pratar

® q
_ exs (a b.c.l) [j=1 (b))
FU D y U, L, p r(a)
i=1 l

(a,1),..(ap, 1), 0, 1), (p—a—a +1,2),(p—p—a’' +1,4),
% p+4lan+4 (bli 1)' (bq,l)i (E! ,LL), (p —a—a' - ﬁ +7, /1)' (p -V +7, /1);
(p+ﬁl_y+r’/1); bx—?

(p—a' + —y+7,2; (3.16)
Proof. Taking the LHS of (3.16) as 7 and using (2.3) and (2.8) we get
© CXg)
Vo B, (b+r,c—b) 1
— a’“!ﬁ'ﬂ 4 Y—p z 14
I (DO- t O(a)r B(b,c—b) or!
r=
(al) n (az) n (ap) n(v)n (bt_l) " (X) (3.17)
n=0 (bl) n (bz) nr (bq) nr(/'m + SZ) n!

Using (2.15) we get

,_ i @, By +rc=b) 1% (@) n (@) woo (3) n(@n  B"
L B(b,c—b) 114 (b)) (b2) s s (bg) nl (un + &) m!
X (1(;_‘""‘“"3"‘3"V(ty—p-r—l")> €9) (3.18)
Applying (2.17) on (3.18), we get
— Bg‘m (b+1r,c—b) 1
B(b,c —b) xTr!

(a1) 0, (A2) o+, (Ap) n(V)n (bx~H)"
2 Bou o ne TG+ 5

9] = x—pPratar Z(a)r
=0

T

X

rp—a—-a'+r+An) r'(p—a' —B+r+An)I'(p+p' —y+r+1in) (3.19)
r'p—a—-a' —f+r+n) I'(p—y+r+An) I'(p—a’" +p' —y+r+1in) '
Using (2.9) in (3.19), we get
j_x-9+a+“'i(a) BPOb+r,c—b) 1 ~o I,y
v L " B(b,c—Db) xrr!n=0 P T(a)
(ay,1),..(ap, 1), (v, 1); A}
% p+1¢q+1 {(blf 1)' (bq,l)' (Er ,Ll), bx
rp—a—-a'+r+Ain) r'(p—a' —=+r+An)I'(p+p' —y+r+1in) 320
rp—a—a' —f+r+n) IF'(p—y+r+An) I'(p—a’"+B' —y+r+1in) (320)

Interpreting further and we arrived at the result.
Special cases
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I.  Ifa; = b; = 0i.e,there is no upper and lower parameter in the K-function
andalsopu =& =v=1,1=0,n=0,then "“ Ko(_;_;x) =1
Therefore (3.5) becomes
- B(‘S'O(b+r c—b)x"

B(b,c—b) r!

[ F(p+r) Frp+y—a—-a —B+r)l(p+p —a +7)

7 = xp—a—ou+y—1 Z(a)r

r'p+p' +r) I'(pt+ty—a—-a' +r) I'(p+y—pF—a’ +71)

6.9
B, (b+1,c—b)

] = xp—a—al+y—1 Z(a)r

] B(b,c —b)
Xl rp) r(p+y—a—a' —p)rp+p —«a l
rp+p) r(p+y—a—-a) '(p+ty—F—a’)

(P)r(pty—a—a =B (p+p —a) x"
(p+F)p+y—a—ad(pty—F _,a,)r r!
jzxp_a_a,+y_1l rp) Fp+y—a—a' -p)I(p+p —a l
rp+p) r(p+y—a—a’) F(Zw ﬁb’—a’)
(6.0) ppty—a—a —Bp+p —«a
"0, b ) oF ptp.pty—a—a,pty-f—a; ]
which are the results considered by Praveen et al. [13]

Il.  Ifa; =b; =0 i.e, there is no upper and lower parameter in the K-function
andalsop=&=v=1,1=0,n=0,then "M Ko(_;x) =1
Therefore (3.10) becomes

4 B(s’o(b+r,c—b) 1
B(b,c —b) xTr!
Frp+a+a+r+)lp+a+pf' +r+)l(p—B+y+r+1n)
[I"(p+a+a: +p' ' +r+An) I'(p+y+r+ ) (p+a—L+y+r+in)

Replacing —y —p byp —1and on simplifying further, we obtain the results
considered by Praveen et al. [13]

1. Ifa; = b; = 0 i.e, there is no upper and lower parameters in the K-function

andalsop=&=v=1,1=0,n=0,then "" Ko(_;_;x) =1

Therefore (3.15) becomes

o)

7 = xp+a’+al—y—1 Z(a)r

7= x-P-“-“'Z( )

B(‘S'O (b+r,c—b)x"
B(b,c—b) r!
F(p+r)F(p y+a+a +B +r)[(p—B+a+r)
ll’(p B+r)F(p—y+a+a +r)F(p—y+pB +a+r)
On simplifying further, we obtain the results considered by Praveen et al. [14]
IV. Ifa; = b; = 0 i.e, there is no upper and lower parameter in the K-function
andalsop=&=v=1,1=0,n=0,then "Y Ko(_;x) =1
Therefore (3.20) becomes
9 = y-prata i(a) B(&O(b +rc—b) 1
" B(b,c—b) x'r!
l F(p—a—a +r) T'(p—a' —B+r)T(p+B —y+7)

rp—a—-a" —=p+r) r(p—y+n) I'(p—a'"+p' —y+r)
Replacing y — p by p — 1 and on simplifying further, we obtain the results considered
by Praveen et al. [14]
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4. Conclusion

In this paper we have studied certain image formulas of the product of two functions;
the K-function and the generalized Guass hypergeometric function involving the
Marichev Saego-Maeda fractional operators and we have arrived at the function
known as Fox’s Wright-Function.

As the results obtained are quite general so we can reduce the general results

involving Saego-Maeda operators to the corresponding special results by assigning
the different values to different parameters involved in the general results. Thus these
results obtained can be applied to the number of different problems involved in
different fields of Mathematics and engineering sciences.
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